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Abstract—The magnetooptical, electrooptical and photoelastic behaviour of an elastic polarizable and mag-
netizable isotropic continuum are investigated from a dynamical point of view, starting from balance equations
and constitutive relations. The most original result of the theory is the fact that the continuum exhibits the Cotton—
Mouton effect, together with linear birefringence of transverse sound waves. This is compared with experimental
data and quantum theory results.

As expected, the continuum does not exhibit Faraday rotation.

1. INTRODUCTION

ELECTROOPTICAL and magnetooptical effects have played, in the beginning of this century,
an essential part in the development of the electromagnetic theory of light.

At present, the investigation of these effects undergoes a renewal in relationship with
fundamental research in solid state physics or technological development such as electro-
magnetooptical devices in laser techniques or electromagnetooptical reading of com-
puter memories.

No satisfactory theory for this effect has existed till now in the frame of the mechanics
of continuous media.

Despite an attempt of Toupin [1] to include some of these magnetooptical effects
through the completely arbitrary introduction, in the constitutive relations, of a gyration
vector, and an attempt of kinematical nature of Rivlin and Carroll [2, 3], no rational
derivation of these effects from the general balance principles and constitutive equations
of the mechanics of continuous media, could be found in the literature.

This can be achieved, as shown in this paper, by use of an adequate energy—-momentum
tensor, as derived by Mayne and Boulanger [4], with proper constitutive relations.

This can also be obtained, with a very different point of view, by construction of a
microscopic Lagrangian followed by a passage to continuum limit. This has been done by
Lax and Nelson [34] in the nonmagnetic case, who give account for photoelastic, electro-
optic, and various other coupling effects.

The propagation mode of electromagnetic waves in a medium is altered by the action
of an external applied electric or magnetic field, or by the existence of a strain field. The
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latter effect, called Brewster’s dynamooptical effect, constitutes the basis for the photo-
elastic analysis of structures.

When propagating in a direction perpendicular to the external applied magnetic field,
light undergoes a linear birefringence, proportional by first approximation, to the square
of the field (! being the length of the path)

n”——nl = CMIBZ (1)

where C,, is referred as the Cotton—Mouton constant. This effect is called Voigt—Cotton—
Mouton effect, after its discovery by Voigt in gases, by Cotton—Mouton in liquids and
solids. The microscopic origin of the effect is different in the two cases.

When propagating along the magnetic field direction, light undergoes a circular bire-
fringence, i.e. there is a different velocity for right and left circularly polarized light, giving
rise to a rotation ¥ of the polarization plane, proportional to the strength of the field.
(Faraday effect)

ng—n /¥ = CyIB (2)

where C,, is called the Verdet constant.
In a similar way, linear birefringence occurs for a light beam travelling perpendicular
to an external electrical field, and is called the Kerr effect

n” —hn, = CKIEZ (3)

while the corresponding effect for propagation along the electrical field direction, some-
times called the Pockels effect, has been observed only in anisotropic bodies.

The magnetooptical Kerr effects are related to the changes in reflectance properties of
a boundary of the medium, due to an external magnetic field, which may be parallel or
perpendicular to the reflecting surface and to the plane of incidence. This effect will not
be investigated in this paper.

2. BASIC THEORY OF RHEOOPTICAL INTERACTION IN AN ELASTIC
POLARIZABLE AND MAGNETIZABLE CONTINUUM

The interaction of a nonconducting, polarizable and magnetizable continuum with an
electromagnetic field can be described on the ground of an expression for the total
momentum—energy tensor [4]. This gives one, at the classical approximation, the balance
equations [5]:

Balance of momentum
dv . _ . = 1 A | , 1 —
pa=dlvc—E(dlvP)+;£’P xB—;QP xM+-E'x¥ MW

v v c v

—gradB'M)—rotM' xM'—B' divM' + %(div VE xM) )
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p: mass density, ¥: velocity, @ : stress tensor,

— — 1 —
E'=E+%V><B P=P-—-vyxM
c

B =E—%VxE M = M+%fo_’

where E = electric field, B = magnetic flux density, P = polarization (polar density),
M = magnetization (axial vector). The latter fields are expressed in the inertial frame, the
primed quantities being expressed in the comoving frame. The Zie derivatives of P’ and

M’ are given by
0P + rot(P’ x v)+(div P')v

ZP

FM = oM +(div M')v — M'(div ¥) + rot(M’ x ¥)

Balance of angular momentum

! (5)

Qi
Il
Qt

Balance of energy
d - o
pd—‘; = obh + YA +E L P +B ¥ W 6)

where ¢ = internal energy per unit mass
y* = heat flux.

Elastic dielectric media. In this paper, we consider only elastic transparent dielectrics
in isothermal evolution, where ¢, 6, E', B’ depend only on P, M’ and deformation gradients
axk/ox4 = xk,.

For vanishing magnetization [M' = 0], the theory reduces to Toupin’s theory for
polarizable elastic dielectrics with zero gyration vector (G = 0) [1].

We define the vectors IT' and .#’ of components

I = |(x/X)| X4P* M
MA = XAM* ®)
with
I(x/X)| = det|x' .

The principle of material frame-indifference requires that ¢ depends on x*, through the
components of Green’s strain tensor

&= ¥E 5, 1" M) ©)

where

E = %(gx,;x,lef‘B" Gp)-
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Using the identities
n* = |(x/X)| X4 & P*

v

M= X4 P M

the energy balance can be transformed into

0 . 0¢ ., 0é
paEABxk,Ax’,(B+p ,AHA‘*P&/”,A

T M = o FE XA+ Exb |/ X)| " T A + Bixt A

(¥ = 0, the system being nondissipative and in isothermal evolution). Identifying the
coefficients of x*,, II'* and .4, together with

Po = pl(x/X)| and (5)
08

a.kl - O,Ik — p xk xl (10)
aEAB ,A™,B J
, o
E, = Po‘aﬁr;(X,Ak (11)
"
B, = PM—,AX,i (12)

Isotropic dielectrics. For isotropic dielectric media, the function £ is an invariant under
the full orthogonal group of the strain tensor E , 5, of vector density IT'* and axial vector .#"*.

Considering the skew-symmetrical tensor associated with the axial vector .#'4, one
needs an E3-representation of an invariant scalar depending on a second order sym-
metric tensor, a second order skew-symmetric tensor and a vector. Wang [6] has derived,
for the full orthogonal group, a complete and irreducible set of such invariants. In this
special case, £ depends on the 14 invariants

I, =trE I, =trE? I, =trE?

I, =17 Iy = 4" I,=II'.EIT

I, =1IT.ET Ig =4 EM 1y =.# . E*H (13)
Io=EME> M x M 1, (T . A 1,,=EIl' (M xIT)

1,5 =E4T . (M xIT) 1y, =T". 4 EHL . (M xIT)).

In this paper, we consider only isotropic media.

Perturbation of an equilibrium state by weak fields and small deformations. In order to
obtain the rheooptical effects in such a medium, we follow the method outlined by
Toupin 1], linearizing all equations about an initial equilibrium time-independent solution

oxA(X) oHA oJ”A oE; oB;

(quantities with preceding zero must be calculated in this state). To simplify, we consider
only homogeneous equilibrium states where I1, .4, E, B are constants, and (x*(X) linear.
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Let
xH(X, 1) = ox*+dyxX(X, 1)
IM4X,t) = (I +6,114(X, t)
MHX, ) = oM+ Oy MAX, 1)
Eix, 1) = oE; +0:Ey(x, 1)
Bj(x, t} = oB;+0,B(x, t)

be a time dependent solution.

(14)

Jx and d, are respectively the variations at constant X (Lagrangian variation) or at
constant x (Eulerian variation). We now calculate the variation equations, linear in the

small displacements and weak fields.

Equation of motion

Multiplication of (4) by |(x/X)|, and computation of its Lagrangian variation, yields,

using the identity
[/ X) 1], =0

. AR UV [
opiiy = 24 ,—oE; divp +E(P x OB))._Z(p x oM);

— oMH(m} ,—my, 5+t 4 oM — 1 MT)
— b}, 1 oM* — B, (1, oM™ +m
2 G )+ (Aiv )R x oM, B, oM+ m)
where
ZH = |o(x/ X)) 0X¥40x T
m* = ox*, 6 M

I’“l = o|(x/X)|-1 ox,}'A‘Sx m

Syx* = ut
0.E; = €
5.B, = b,

T = [(x/X)6* X2 = poar—X'5
’ aEAB ’
{Piola—Kirchhoff stress tensor).

6XE’). = 6XE;_
o

Sxl(e/X)} = Lo
ofP

5X(M’l,u) = m:ﬁ'*'u,}.vu OMV
Po = of ol(x/X)l.

(15)

(16)
(17)
(18)

(19)
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Mechanical constitutive relations

From (19)
(16) > ZH = (0w, — o C¥uy , — oS¥p" — o X
with
0%¢
oCMM = Poo mE_) oX'p Ox,/lA 0X’c 0X'p
4BOLcp
A 0% A

oSV = Poo m) oX/c oX'p oX,Av
0%E

o X' = opo EAE Y 5%{"4) oXlc oX’p o X7 -
CcD

Maxwell’s equation
Computation of §,.E’, §,B’, 6,P, 6,M' yields

1. = R
& =¢e+-uxyB b =b—-u
€ e+cux0 Cuon
IR U _ 1.
p’:p—zuxoM m’=m+zuxop.

For a polarizable and magnetizable dielectric, Maxwell’s equations are
divB=0
div(E+P) =0

1.
rotE+26,B =0

rot(—B—M)—%at(E+P) 0.

Eulerian variations of these equations are, respectively
divb =0
dive = —divp—(oP*ul,— oP'ut) ;
since
8,P* = 63 P*— (PAoyx* = 5y P*
P* = 0/ X)| ™ 'x2y 1T

5XP1 = pl+0P“u’};‘—0P1uf‘u

1;
roté+-b=20
c

(20)

(21)

(22)

(23)

(1)
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since

d .= J -

OB = 20.B)

= 1. _ _ | S O | .
rot b~ze = rotm+rot(0M“u,,,)+zp+z OP““'"_E oPdivu (32)
since
6XMA = 5xM;'
M* = x*

m* =  x* oy M*

O M* = m*+ \M*u},.

Electromagnetic constitutive relations
Using (24), the eulerian variation of the electromagnetic equations (11), (12) are

1. -
e+ z(l_' X oB)y = oS8Uy, ,+ o T, p™* + o Wym'™ — o E u”, (33)
where
pi 0°8
ol = 07)0 o(W) oX % o X5, (34)
0% 4 vB
oW = op WA oX 50X, (35)
4]
1. - , , ,
bl—z(“ x oK), = oX5'u, ,+ oW, 0" + oY, m"* — (B, — o B, (36)
with
0% 4 vB
0¥ = oP VIV 0 X% 0X . (37)
0

3. THE PHOTOELASTIC EFFECT

We consider an initial equilibrium state
Oxi = oxA(X) OE = OP = olvl = 0§ = 0.

For an isotropic dielectric, the function & depends on the 14 invariants (13) so that

&\ _ [\ _,
o4l — JNo.wt]

0
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The constitutive relations (11), (12) and Maxwell’s equations are trivially satisfied. The
equation of motion and the constitutive relation (10) reduce to the classical equations of
the nonlinear elasticity, without electromagnetic interaction.

On the other hand

087 = oX% = oWy, =0 (38)

2 “ 2 = 2 =

ps | O 05 | OF ps | 08\

T,=2— [— 2— {— 2— (— 9
o 20/’ 0(614) OCM+ oP 0(516) o oP 0(517) 0 39)

133 08 Ot
oY, = 20p 0(51—5) oczu+2 oP 0(5};) o€t 20p 0(6—19) Oeiﬂ (40)

= A B
oCauu = GupoX i oX

0 = %(g).u— OCAu)-
The equations for & b, p, M (29) to (32) separate from the equation (15) for @. This fact
implies that, to the first order, weak fields do not give rise to any displacement, and the
photoelastic effect can therefore be investigated from the Maxwell and electromagnetic
constitutive equations (29) to (34) alone

divh =0 41)
S

rot e+zb =0 (42)
dive = —divp 43)
rotb— % = rot m+p (44)

c c
€, = oT;.uPu (45)
b, = oY,,m". (46)

One seeks “‘plane wave solutions” of this partial derivative system
3= Reﬁ eiw[r—(n/c)sf] (47)

where 3 is the complex vector amplitude, § the unit normal vector, w/2n the frequency
and n the complex refractive index.
Substitution yields the algebraic system

nSe—b =0 (48)
nShb+& = —p+nSm (49)
&= ,Tp (50)
b= Ym (51)

where S is the skew-symmetric tensor associated to vector § by

71

a4 =8§x4a.
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If ,T and ,Y are nonsingular, p, M, b can be eliminated from the system (48), (51)
81— oY " HS+A+,T e = 0. (52)
The refractive indices will be solutions of the algebraic equation
detA+n*B) =0 with A =1+,T*

and

E = §(i—0?—1)

i

Since |det B] = 0, this equation reads
it tr Atr* B—tr B?)+ tr AB>—tr B tr ABJn*
+RtrBtr?A—trA2)+trAB—trA trABJn*+detA = 0. (53)

Birefringence occurs since two velocities are associated with the same direction §.

The polarization states can be investigated as follows: if n? and n3 are two distinct,
real solutions of (53), they give rise to two real directions for the complex vector &, it means
two linear polarization states such as

(A+,T 8, = —n?S1-,Y S8, (54)
A+,T 98, = —n2SA-,Y 1)Se, (55)
andifn, # n,
Se,.(1-,Y 1)Se, = 0. (56)
P = —S? being the projection operator on the plane perpendicular to §,
Se, . PA-,Y 1)PS¢,) = 0. (57)

In this plane perpendicular to §, §él and §62 are conjugated with respect to the conic
defined by

P(1-,Y Y)P.

On the other hand, since b = nS&, the magnetic flux density vector is along Sé. The vector
d = &+, in the plane normal to §, is given by

d = nS®-m) = n*SA-,Y ")Se (58)
and owing to (56)
Pe,.d, =P& .d,=0 (59)
d, is orthogonal to P&,, and therefore parallel to §62. The vector h = b—in is given by
h=01-,Y )b =n1-,Y ")Sc
and vector Ph will be along Sd, since

h = —n821-,Y )Se = —nSd. (60)

il

For vanishing magnetization, ,Y ~! = 0, and the directions b, , b, become orthogonal.
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In the general case, the polarization modes are orthogonal if and_ only if the sections

by the plane normal to §, of the quadrics (1+,T ")~ "' and (1—,Y ~!) have common
principal directions.

4. THE MAGNETOOPTICAL EFFECTS

In this section, we analyse the effect of an external magnetic field upon a weak electro-
magnetic light-field in an unstrained dielectric-[4E ;5 = 0]. We consider only conditions
which give rise to the Voigt—Cotton-Mouton effect (transverse field) and to the Faraday
effect (longitudinal field).

The initial unperturbed state is characterized by

x*=Xx* ([E=,P=0 Band ,M uniform.

The balance equations (4) and (11), and Maxwell’s equations (25) to (28) are trivially
satisfied, while (10) and (12) give

= ,p o8 “+ o¢ M* M
0 0 61 g oP 618 0 0

_ _ EE
B =Ce M with Cq=2p, (—8) (61)
o\0l;s

Formulae (21-23, 34, 35 and 37), together with basic representation (13) give explicit
expressions for

o8
oCH® = pg (512) g™ + po (01 (g*g" +8"8")

+p o (8™ oM® M”+g* (M* (M")
°o\el, dl, 0

G,
+1 ( 8)( ).voMuOMa+gquM}. Mv_+_gm MuOMv+guv M). Ma)

ol
0%
+po (612) oM* o M* (M* (M* (62)
oS =0 (63)
X =2 0% M OM 42 o M* M* M
oy = <P e, ol g oM, "”0618615 0 0 oMy
+ 0P ( )(5 0M”+0M15”) (64)
o0& oé
o, =2p (614)81,“*'2 Po (‘67:) oM, oM, (65)
oW, =0 (66)

2=~

0é 0°¢
ol =20 (61 )gzu+4op (5_@) oM; oM,. (67)
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Hence, variation equations for motion, fields and constitutive relations:
opﬁ, = Clu‘,‘k,-i- Czul'kk + C3 OMm OMpum,p[+(C3 - 1) oMk OM,uf’pk + C4 OMP OMku,,pk

+ CS OMm OM,um’kk + C6 OMpmf,’ + C7 OMp OMk OM’mf;( + (C4 - Cs) OMkml'k

1 =
+(Cy—Cs—Cqg+1) oth{(k‘*’z(Cs —1)(px M),

—oM*b, ;+Cyy oM™ (MP M* My, (68)
divhb =0 (69)
_ Le

rot e+;b =0 (70)
dive = —divp (71)

_ 1. _ P Y
rotb——-& = rot M+ rot(,M u,k)+zp (72)

-1 P L =

€= T(C8+ Co)(u x M)+ Cop+C(p. M) M (73)

by = (Co—1) M+ Cq o M" M* (M, ;+(C,— Cs+1) MHuy,,
+(C4_C5+1—C8) OMkuk,[+C8m’+ Cll OMI oMkmk. (74)
With C, defined by

Ci,=op (g—;é)+op (561—8)

o\0I3 o\01,
C,=,p o(%i) +oP 0(%)
o= or Lo 5 fon) 2o fan)
Ci= %0 ;%5_9) "po(ﬁlz)_l
Cs=24p 61652;11) -2 op(a%%) +1
cr=205oe]
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Though all these invariant quantities are functions of ,M?*, one should observe that C,,
C, are related to the basic mechanical properties of the medium, C, to the electrical ones,
Cs, C,, to the magnetic ones, while C,, obviously is connected with electromagnetic

interaction.

(a) The longitudinal Faraday effect
We seek “‘plane wave” solutions
a= RC ﬁ eiw[r—(n/c)i.?]
(

of this system of equations, with § (unit normal vector) parallel to ,B and ,M.

The amplitudes are solutions of the following algebraic linear system:

2 2
wz(Dl%z——op)ﬁ+w(Dz%nz——ﬁ§+i%D3 0M§l’i|)§

+0MD4iwgﬁ|——i§(Cs—— 1) JM(p x5) = 0
~ .0 ~ = ~—
&= C9P“l; oM(Cg + Co)(i x8)+ (M*C ({8

b= 0M[u -Ds)iw%rs: +oMC, ,§ﬁn]§ —oM(D, + 1)iw%ii+ C it

b

I
&
o

X

o
]

n5x§-—i')—nﬁ|x§—ioM%)n2§xﬁ

with

D, = C,+,M*C,

D, =C+2C; M*— M*+C, M*+C,, ;M*
Dy =Ce+ M*C,+C,—Cs—Cg+1
D,=C,—C;.

It can be solved in the following way.

(75)
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Elimination of & and b between (77) to (80), gives two vector-valued equations for the

unknowns @, p, m

[OM(I —-D3—CS—Cg)iwgi'lE+oM2C“§ﬁ'l:|§

—oM(D +1—Cy~ Cg)iwgﬁ+ Caft—nCo8 xp = 0

(1+Co)p— ii‘c’- WM(Cs+ Co—n2D )it x5+ (M2C o(p5)s +n(1 — Cg)ia x§ = 0.

We now take the scalar and vector product of (76), (81) and (82) with §

2
w2|:(D1+D2)%—op:|i'l§+iwg WM(D;+D,)iis = 0

—iwgoM(D3+D4)ﬁ§+(0M2C“+C8)ﬁ‘1§ =0
(1+C9+0M2C10)i§ - O.
Hence, p§ = 0, and 88 = @S = 0, except when

1 D1+D2[1 oM*(D3+ D,y ]

2 n? opc® | (D{+Dy)((M2C,;+Cy)

which gives the squared velocity v? of the longitudinal elastic wave.
2
wz(Dl%—Op)ﬁ X§ + iwg WMD i x§+i§(cs— 1) M = 0
—oM(D,+1 -—CB—Cg)iwgﬁ x§ + Cyglft X5 —nCop = 0

_OMl?w(C8+C9—D4n2)ii x§+n(1— Cg)t x5+ (1+ Co)p = 0.

This system has nontrivial solutions only when

i i
”+C4}‘_ﬂ2 ZOM(C4_C5) EoM(Ca"l)ﬁ
' M
~(Cy~Cs+1-Cy=C9) ™= CsB ~Co =0
¢ of
i 2 OM
—z[(Cs+C9)ﬂ —C4+Cs)]o—pﬂ 1-Cq (1+Cy)B
with
1 C, oM?
= — = l = —,
=y ¥ opc’ opc’

(82)

(86)

87

(88)

(89)

(90)
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The coefficients of this second degree equation in §, depend upon dimensionless quantities
A and y, which may be regarded as small parameters. Indeed, balance equations used at
the starting point, are only valid in the nonrelativistic approximation: B.M/pc? and
E . P/pc? were considered as small quantities and that implies that ;M?/pc? is small in
the case of weak magnetization. On the other hand, the ratio of the velocity of the trans-
verse sound wave to the velocity of light may also be considered as a small quantity.
The roots (when computation is restricted to the lowest order in 4, u) are

1 ¢, C, (C4i=Cs)f

1 I DD St ST . S Y ¥ £~ 9

n®  opc? [ +{C2 " Cy(1-Cy) | ° o1
1 Cy Cy—1
= T8 92
n? 1+Cy Cg 2)

The former wave is a transverse elastic wave, the latter a transverse electromagnetic light
wave. Both have arbitrary polarization states. (92) is the classical expression of light
velocity as a function of the dielectric and magnetic permittivities, Cq and Cg4 depending
on oM?, hence on ,B2. For nonmagnetizable dielectric, M = 0, 1/C4 — 0, the 3 roots for
B? (86, 91 and 92) reduce to the classical values

C,(0)+C,(0) C,(0) Co(0)
opc’ ’ opc’ 14+ Cy(0)

C,(0), C,(0) being Lamé’s parameters, 1/C4(0) the dielectric susceptibility of the medium.
In short, three kinds of waves may propagate in the medium : two elastic (slow) waves,
respectively longitudinal and transverse, and one transverse electromagnetic (fast) wave.
No qualitative change appears as a consequence of the magnetization of the medium.
In particular, this model of elastic polarizable and magnetizable dielectric medium,
does not exhibit any Faraday rotation.

(b) The transverse birefringence effect

The same procedure is applied to waves with vector § normal to (B and ;M. The
equations for amplitudes:

2
wZ(CZ%——op)l’l+—a;—n|:C1wgi‘l§+iC6ﬁl M—_ib Oﬁ]s
n n_ i . | == Iw - —
+wz[C5w;u M+i(Cy—Cy—Cy+ l)ns] M—Z(Cy—1px M =0 (93
- - N0 - —
&= Cop+C, o0 M OM_IF(C8+C9)(u x oM) (94)
b= [C“ﬁl.oM—iw—Z(CG——l)ﬁ] OM—iw%.(C4—C5+1—C8)(ﬁ JME+Cgit (95)

b=nsxé (96)

& = nb x5 —p—ni x5 o7
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can be solved by elimination of & and b, and projection of the 3 obtained vector-valued
equations on §, ;M,§ x ;M.

) ,
wZ[%(c, +C,—Cg M2+ M?)— op]rmiw%(cﬁ —Cy—C,, MPM M

—i?(CB—- Dp. M x5 =0 (98)
2 nz 2 e L 2 ~

2
wzl:CZZ—Z—Op .5 OM—i%(Cs— MBS =0  (100)
—iw%(C4—C5+1—C3)ﬁ M+Cais =0  (101)

(GM3C,, + Cy)if oM—iw;(Cs— 14 Cy+Co) QMAB—nCof . Mx5 =0  (102)

Cagi(§ x (M) —n(Cq + (M2C,)p M

0 (103)
(1+C9)ﬁ§—i%(C8+C9)ﬁ. Mxs=0  (104)

n(Cg— 1)t 6 x M)—(1+Co+Cro oMM =0 (105

—n(C,, oM?+Cy— it 0M+i?woM2[(C6—1)n2+C8+C9]ﬁ§—(1+C9)ii.§xol\_/l=0(106)

From (103), (105), p \M = .5 x ;M = 0, except when

1 Cg=1 Co+oM3Cy,
n? Cy 1+Co+oMCy

(107)

In the same way, (100) (104) and (99) (101) (when computation is restricted to the lowest
order terms in A and u) imply respectively

1 C, -
— = ora.sx,M=ps =0 108
n, opc’ ° d (1o
and
1 Cz C5 (C4—C5_C8+1)2
=2 1423 M M? 109
n2 O'DCZ[ +C20 C2C8 0 ( )
or
i, M = i = 0,

Finally, (98, 102 and 106) admit nontrivial solutions only when the characteristic deter-
minant of the system is zero.
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The latter gives a biquadratic equation for 1/n, whose solutions, limited to the slowest
order in the small parameters 4, ¢ and v = (C, + C,)/opc?, are

1 C,+C, (1—Cg)? oM?
= 52l 1- - (110)
R oPC (C+Cy)(oM*Cy,+Cg—1)

1 Cy  ((MP*Cy i +Ce—1) (a1

n? - (C9+1). (0M2C11+C8)

Discussion of results (107) to (111) leads to some important conclusions. For any direction

§, only the following propagation modes are permissible:

(1) One single longitudinal (slow) wave, the speed of which given by (110) reduces to the
classical Lamé value when magnetization vanishes.

(2) Two transverse elastic (slow) waves, with velocities given by (108) and (109), the former
with polarization state along § x (B, the latter with polarization state along ,B.

The medium exhibits thus acoustical transverse birefringence, which vanishes with
magnetization, reducing in this case to the classical transverse Lamé value.

(3) Two transverse electromagnetic (fast) waves, with velocities given by (107) and (111),
with polarization along and normal to the external applied field ,B.

The medium exhibits optical transverse linear birefringence and gives account for
the Voigt—Cotton—Mouton effect. This birefringence vanishes also with the magnet-
ization.

The authors think that this result, obviously due to the inclusion of magnetization in
the balance and constitutive equations, is an original one.

5. THE ELECTROOPTICAL EFFECTS

The electrooptical Kerr effect can be derived from the classical model of polarizable
but nonmagnetizable elastic dielectric described by Toupin [1]. Using the previous method,
one can investigate the influence of the magnetization on this effect.

The initial nonperturbed state in this case:

ox*=X*  (E#0 P # 0uniform,B=,M=0.

Equations (4) and (12) and Maxwell’s equations are trivially satisfied, while (10) and (11)
gives

ot 08
00" = op o(é‘l‘l)gkl'*'op 0(—3;1;) oP* 0P

and
- ot

oFE = Co P with C, =2,p|== (112)
ol,

1/C, is the dielectric permittivity.
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Again, from formulae (21-23, 34, 35 and 37) and basic representation (13)
oCH™ = op Hgmo 1 g || (gimghe 1 gloghm)
612 0 o 912 )

2-

Top (016 al

)(glk OPm OPp+gmp Pl Pk)

ot
+40p (51 )(g’"‘ oP* oPP+g'? (P* PP+ g™ (P! (PP +g*? (P (P
0%
+ op(a_ﬁ) oP' oP* oP™ o P? (113)
6

2z 2z

0%E 0%8 0
" _ ik | pk, sk pl
oS, 20/’(614511)8 OP'+2OP(6I4515) oP' oP* P, +0p(61 )(5 oP*+0, oFP) (114)

JXk = 2 ( a(; 1 2)(#«5 oP* o P.g, +€9 (P (Pg ) (115)
Ty =2op (;I~)gk,+4op (g—;;) WP oP, (116)
oW =0 (117)
=t [Pz () on e

Variation equations (15, 29-33 and 36) become
opily = Cyulp+ Couy™+ Dy oP™ oPPuy, ,+ Dy oP* o Pty +(Dy+ D3) o PP o Pruy
+ Dy oP™ Pty i+ D1y oP* oP™ oPPuy, 1y 0P+ Ds oP"pp i+ D oPro P oP™Prk

1 .
+D, oP*p+(D;—Co) oPpt+ DS(elrs oP* oP*m’ “;oPZ oP iy,

2 1 1 .
+; oPy oP" oPYi, y + € 4P, oPim, \ — OPl opzulfk) ‘|';C9(o13 x m), (119)
divb =0 (120)
1.
rot&+-b =0 (121)
dive = —divp (122)
1. 1. t, . .
c

e; = Dy divii o P+ Dg oP, oP" oPu, ;+ D (ty 4 oP*+ 1y o P*)+ Cop,
+ D, ,5(oPip") oP,— Cg o P (124)
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1 — D qrs k krs
b, = ZC9( U X oP),+ Dg(e? o P* o Pog, + 87 o P o Pig, ), 4

+C8[m,+ (i x °F)J +Cio oP oPM* (125)

| =

with

D ( 0% )+1 (aé)
=of |72 t50° {5
BT Nargarl,] 2% el

1 58
Da=30p 817)
0%
5 o7 \er, o1,
8% ,
D, =2, |25
6= “of 0(514 al,

D. = (65)
7 OPOaIG

1 Ok
Dy = -
8 2oP (6112)
-
1t oPO 012

0%&
D, =4, (—)
12 0 0 613_

Allinvariants C, and D, depend on ,P?, and as a rule, have different values than the
quantities introduced in the preceding section.

(a) The transverse Kerr effect
We seek “‘plane wave” solutions, with § perpendicular to (E and ,P. Hence,
§

n? n n -
w? Cz?—op 'l'H-wE Clwzfs_*'il)s oP.P

+wg[D4wg P U+i(Dy—~Cof .5 +iDes . flt x P
+1)8$0P2fs] OP—i§cg JPxi =0 (126)

i
|

&= (Dufopﬁ— iwgDsi’E) JP—(D,— C9)iwg(op B+ Co. (127)

b= ’%"(cg 4 C,)iix P — iwgDs(oPﬁ) oP X5+ Celit+ C, o Pi) ,P (128)
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b=nsxe (129)

o x = PSRN )
ans—e=p+nmxs+1—
c

n(st) ,P. (130)
Elimination of & and b can be carried out in order to obtain 3 vectorvalued equations in
@i, p, m, which are projected on the directions §, P, § x ,P

n2

w[(C,+C2)?2——op]ﬁ§+i'-;D5 OP.ﬁ—écgg.Ome =0 (131)

2

n - hn -
wl:(cz +D, oPZ)Zj— oP:I“ oP+ lz(D7 —Cg) 0P8

+i§D8 P .1 x 0P+n£—)2—D8 JPUiE = 0 (132)
n’ i
w(CZC—z_OP)ﬁEXoP+EC9 0P2m§ =0 (133)
iw N P P
—c"(C8+C9)S.uX° +C8ms =0 (134)
(C8+C10 OPZ)ﬁl oP_nC9 ka i.) = 0 (135)

'%"OP2 [Co+ Co+Dsn?]+ iw%Ds(ﬁ B P’
+Cgtt .8 x P—n(D; P2+ Co)p P =0 (136)

iwg(D7—C9) JBi—(Co+1)p5 = 0 (137)

2
iw=(Cy +Co+ Dy 1) oP*B +i>"-Dyg PP . 8)

—(Dy, PP+ Co+ 1) P.p+n(Cs—1) P.Mx5 =0 (138)
n(Cg—14C o oPOM P+(Co+1)p.5x P =0 (139)
We further consider the dimensionless parameters
2
P S /e S
oPC oPC oPc

as small quantities.
From (133-135 and 139), at the lowest order in u, 4, v, we obtain:

1 G

= (slow wave) or @.§x,P=im8§ =0 (140)
Ry

1 Cy(Cy—1+Cyo oP?)
s =

fast P = ,P.sxp=0 141
" (C9+1)(C8+C100P2)(as wave) or M, o .§xp (141)
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Elimination of p8 between (137) and (132), and of §. oPxi between (131, 132, 136 and 138)
gives a linear system which admits a nontrivial solution only when its characteristic
determinant vanishes.

Cyv—CyDsd {CgDy—C3D,y; oP?) —~ CoDgh
+[Cg+ Co(Cy+ Cg)A)B?

(Cg—u+ |:D4(Cs —1)

_(D7“C9)2(C8‘1)
Cy+1

—(Cs—1)f?

— Dy oPHCy+ D )if? —iDg oPYD ;3 oP* + Co+ 1B? —Dgopzill =0(142)

i[D(Cs—1)—(Co+CygD5)B?]  [CoDy; oP? +Co(Co+1)]82
—iDgl

~(Cy— 1D, P2+ Cy)

This algebraic equation of the third degree in 2 = 1/n* admits solutions of the form
B = ox+ XA+ xpu+ 3xv+. ..
. By substitution, one obtains a solution of zero order

1 (Cg—1)(D,; oP*+Cy)

— = fast 144
T CyD,, P i1y (StWave) (144)
and two solutions of order one (slow waves)
1 C,+C D2 ,P?
— = 1 5 2,:1 _ 50 5 :I (145)
n oPC (C,+C Dy, PP+ Cy)
1 G, (D,=Cy)? D3 ,P? oP?
= = 1+{D,— - o 14
n OpC2|: +{ $TTC, 1 C—1 G, (146)

Investigation of the homogeneous system leads to the following results (at the same
approximation): (145) is an acoustic longitudinal wave, (140) a transverse sound wave
with vibration along § x ,P, (146) a sound wave with polarization perpendicular to the
latter, but only transverse when the magnetization is small (1/Cg = 0(4)). (141) is a trans-
verse light wave with polarization along § x (P, (144) a light wave with polarization vector
perpendicular to the latter, and, again, truly transverse only for small magnetization.

The continuum model involves the Kerr effect, as did the nonmagnetizable model
investigated by Toupin [1]. The magnetization brings only quantitative changes in the
velocities, but no new phenomena. For vanishing polarization, the Kerr effect vanishes
also, as the Cotton—-Mouton effect did for vanishing magnetization.
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(b} The longitudinal Pockels effect
Seeking solutions with wave vector along the electrical field direction, one finds

2
wz[{C2+0P2(D4+D7)}:—2+Ds Opsg—opj}ﬁ
+{[(Cy+2D; oP*+ D, oP?*+D,, oP*)n— D4 (P3]ii§

+ iw—g oP(D;—Co+Ds+Dg o PSS
+iwgD-, 0Pﬁ+iw;0PZDSmx§—%‘3cg P8 x 1 = 0 (147)

é = OP[—IG)—E(D5+D6 opz)ﬁ‘l’“Dlz Opﬁ}g

—»sw’-zp., gpﬁ-swg(p.,ucg) PEIE+ Cop (148)
b= ?010(;11)8 WP+ Cg+ Coli x5+ Cgit+ C 1 o PLMS)S (149)
b=rsxe (150)
nb x5 —& = p+ ni x§ — i o Prli— (US)S]. (151)

C

Elimination of & and b yields a system of three equations in the three unknowns i, p, .
Taking the scalar and vector product with §, this system becomes:

2
) &C1+C2+(2D4+D7+2D3) oP*+Dy, 0P4}%_op]a§

+i%(1)5+1)6 oP?+2D,—C,) oPjs = 0 (152)
[Co+Cro oP2)iiS = 0 (153)
iw?oP(D5+D6 WP? 42D, — CoJi§ —(D,; oP?+ Co+ 1)ps = 0. (154)
Hence S = 0 and
;113 - C;;'sz[u {2D4+D7+2D3+D“ oP?

-(D5+D60P2+2D7-"C9)2} OPZ ] (155)

Dy, oP?+Cy+1 C,+C,
oriB =P8 =0,

2
wz[{cz+oP2(D4+D7)}%f+Ds opsgi"'op]‘-' X8

+ ico;oPD?ii x§ -‘§op(oppgn+ Co)it = 0 (156)
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16‘30P(nz)8 WP+ Cg+ Co— Dyn2)ii x5 +nCop x5+ Cyiit = 0 (157)

’fzﬂ[—nbs oP—Cg—CotDq+1] PUAXS—(Co+ P x5—n(Cs— it = 0. (158)

The characteristic equation of this homogeneous system is of the fourth degreein § = 1/n,
whose coefficients depend on the small parameters 4, y4, v. At the previous approximation,
the equation splits into a pair of quadratic equations,

2 —_
ﬁz_zDB 0P(C9+CBD7)A.B_C9(C8 1) = 0 (159)
CsCo(Cz—1) Ca(1+Cy)
and
2Dg oP(D,+C3) D3 D3 oP*
2, “¥80 V7T 998 Z-D,— = =
Pt cgco-ny it PPt o =0 e
Hence,
1 Cy Cg—1
n T 1+4Cy Cg e
and

1 C,\? D% DE o P*\,P¥|* Dg(D,+C3),P?
L= + (opcz) [1+(D4+D7 ) Cz:l CoCo1) opl® {162)
(161) gives the velocity of a transverse electromagnetic wave, with arbitrary polarization.

The velocity of the transverse sound wave (162) depends on the sense of propagation
(parallel or anti-parallel with (E), since the last term may not be neglected compared
with the first one. This effect vanishes for nonmagnetizable materials, for which the velocity
in both directions reduces to

1 C, (D4+D5) oP*> D3 ,P?
— 1 - . 163
n 0pc2|: + C, C,C, (163)

The model does not exhibit any dielectric analogous to the Faraday rotation.

6. THE CORRELATION BETWEEN EXPERIMENTAL DATA,
MICROSCOPIC MODELS AND CONTINUUM THEORY

It is worthwhile to compare the results provided by the previous theory with ex-
perimental data and with conclusions drawn about the same phenomena by other theories
at the microscopic level.

The main conclusions of previous sections are:

1. Magnetization seems to appear, at least in this continuum model, as a necessary

condition for the medium to exhibit the Cotton—-Mouton—Voigt effect in a trans-
verse magnetic field.
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2. In a transverse magnetic or electric field, the medium exhibits also a birefringence of
thetransverse sound waves, whilethelongitudinal sound wave has a disturbed velocity.

3. The addition of magnetization alone, to an already polarizable isotropic dielectric
model, is insufficient for explaining either the Faraday or the Pockels effects.

4. The results relative to the electrooptical Kerr effect, differ only in a quantitative
manner from those which could be obtained from Toupin’s nonmagnetizable
model [1].

It will be shown in this section, that the results obtained from the continuum theory
including magnetization, are noncontradictory neither with experimental facts nor with
microscopic and quantum theories.

On the contrary, the experimental facts and the other theoretical derivations show
that the Voigt—-Cotton—Mouton effect and the related acoustical birefringence and velocity
changes, depend on the magnetizability of the matter.

(a) Comparison with experimental data

Magnetooptical and magnetoacoustical effects. The close relationship between magnet-
ization, magnetic susceptibilities and Cotton—Mouton—Voigt effect were extensively in-
vestigated in the period 1930-1940. Most available data are reported by Beams [7] and
Schiitz [8]. The experimental data show that most dielectrics are weakly magnetizable,
and that the value of the classical Cotton—-Mouton constant is very small (of order of
1072 g~ ! sec?). This is in agreement with the theoretical results which show that if Cg
is very large (weakly magnetizable dielectric), the difference between the two velocities
(107) (111) of electromagnetic waves in a transverse magnetic field is small.

In special dielectrics, as colloidal suspensions of ferrites in a dielectric jelly, whose
magnetizability is much larger, a Cotton—-Mouton constant a million times larger than
usual has been measured [12]. The sign of the Cotton—-Mouton constant cannot be pre-
dicted by the theory. In fact, materials have been found with positive Cotton-Mouton
constants (aromatic compounds, esters of fatty acids) or negative ones (ethers, saturated
alcohols).

Finally, it is an experimental fact [10] that, though the Cotton—-Mouton effect may
increase in a spectral region where the medium becomes dissipative, it exists in the trans-
parent regions where the dissipation and the chromatic dispersion of the refractive index
are zero or negligible.

Unpublished data of Dobbs, Chick and Fitzgerald [19], show an increase of the velocity
of the longitudinal sound wave of 0-53 per cent (at 300 K, in a transverse magnetic field
of 3 kilogauss), in a Nickel sample. Though this figure is very small, it is significant since
the measurements of the change in the velocity, due to the magnetization, are more accurate
than the velocity measurements themselves. It is relevant for our continuum theory that
the effect could only be measured in a highly magnetizable medium. Data published by
Goodrich and Lange [24] lead to similar conclusions. Acoustical birefringences, induced
by a transverse magnetic field, were also observed by Watkins and Feher [22], Wang and
Crow [23].

In cases where metallic samples are used, the interpretation and comparison of the
experimental data with our theoretical results is more tedious, because of the conductivity
of the medium. An attempt was made by Lange [14] to separate both effects, namely the
influence of the magnetic field on the elastic behaviour, and on the charge-carrier electrons
responsible for the conduction.
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In metals, the latter effect is often dominant, but the former exists (and becomes
dominant in insulators and semiconductors), which is in agreement with previous
theoretical conclusions drawn about dielectrics.

Electrooptical and electroacoustical effects. Exhaustive investigations and experimental
data about the transverse electrooptical Kerr effect can be found in [7]. These data are in
good agreement with the Langevin—-Born—Van Vleck theory, which derives the value of
the Kerr constant from the dielectric polarizability of single molecule. Hence, the Kerr
effect is obviously related to the polarization of the medium, in a way similar to the relation-
ship between the Cotton-Mouton effect and the magnetization. No significant experi-
mental data seem available about the influence of the magnetizability neither on the Kerr
effect, nor on the velocities of the acoustical waves in an electric field. This is not surprising,
since careful estimates of Van Vleck [16] have shown that the possible influence of an
electric field on the magnetizability of matter is very weak (an electric field of 10,000 V
would alter the magnetic susceptibility of a typical molecule, at ordinary temperatures, by
only about one part in 10%, which is much smaller than the corresponding effect of a
magnetic field responsible for the Cotton—Mouton and related effects.)

No relevant data have been found related to the effect of an electric field upon the
velocity of sound waves or to the effect described by formula (162). Therefore it would be
advisable to perform some experiments in strong longitudinal electric field, within a
highly magnetizable medium such as colloidal suspension of ferrite in a dielectric jelly.

especially in order to check (162).

(b} Comparison with other theories

Classical and semiquantum theories of the magneto- and electrooptical effects at the
molecular level including connection with bulk magnetization and polarization, have
been given earlier [7, 9, 16, 26 and 13]. In particular, the relationship between microscopic
measurements based on the Cotton—-Mouton effect and the magnetizability of a molecular
unit, and on the other hand between the Kerr effect and the polarizability of the unit was
understood and made computation of these molecular parameters possible from the
experimental data [7, 11 and 13].

A classical wave-mechanical approach was presented by Tilleu [17]. Out of the quantum
averaging for polarization and magnetization, it can be seen that all relevant contributions
for the Cotton—Mouton—-Voigt effect vanish with the magnetization and the static mag-
netic susceptibility of the medium.

A quantum field description of the magnetooptical birefringence due to Atkins [18]
shows again that the magnetooptical transverse birefringence vanishes with the static
magnetic susceptibility, the permanent magnetic moment of the molecule (which also
contributes to the magnetization of the matter) and higher-order polarization-magnet-
ization coupling terms.

Parallel conclusions can be drawn out of the treatment of the Kerr effect by the same
author [15].

7. CONCLUSIONS

Using expressions derived by Mayne and Boulanger for the momentum and energy
balance in a polarizable but also magnetizable continuum, we have investigated the photo-
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elastic, magnetooptic and electrooptic response of the model. The theory provides adequate
results for the transverse birefringence effects, of electromagnetic (light waves) and mech-
anical (sound waves) nature. Good support for these results is found in experimental data,
and in quantum and quantum field models.

The theory does not include either the Faraday or the Pockels rotation. This lack is
not in disagreement with experiment, since the materials which show these effects are
always either dissipative or anisotropic. Addition of dependence in the constitutive re-
lations of time-derivatives of polarization and/or magnetization, proposed by Boulanger
[28], provides a new model which exhibits, in a longitudinal magnetic field, optical and
mechanical circular birefringence (Faraday effect) and circular dichroism (namely a dif-
ference between the absorptions of right and left polarized waves).

These results seem to be supported by experimental evidence. It has indeed been
recognized [26, 27] that the existence of Faraday rotation is related to Zeeman splitting,
which in turn implies not only circular birefringence, but also circular dichroism [9, 10,
29, 15 and 30]. The quantum investigation in a ferromagnetic medium [20] also indicates
strong correlation between the Faraday effect, absorption, and magnetization. The analysis
is complicated by the ohmic loss due to conductivity [31, 32]. Finally, Boulanger’s model
predicts also a Faraday effect with dichroism for the transverse sound waves. The existence
of this effect has been shown and explained by Aminov [21] and also by Aubauer [33]for a
magnetized, conductive medium.
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AOcTpakT—C IMHAMMYECKOH TOUYKH 3PEHUA, UCXOOS W3 YDABHEHUH PABHOBECHUS U KOHCTUTYTUBHBIX 3aBUCH~
MOCTEH, HCCIeaYIOTCA MAaTHUTOOINTUYECKHE, IIEKTPOONTHYECKME U GOTOypyrMe MNOBeAe/Hs YNpPYroi,
MOJIAPH3YEMON W noaaarollecs HAMAarHUTOBAHUIO, H3OTPOIHOM CIUIOWHOM cpeabi. Haitbonee opurunasn-
bHBIM PE3yNbTATOM TEOPHUH sABAfETCA (AKT, YTO ynpyras cpeaa npossiaseT sdhdexkt KomroHa-Myrtosa,
HApALY C JMHENHBbIM [BOMHBLIM JIYYENPEIOMI/IEHHEM TMONMEPEYHbIX 3BYKOBbIX BOJIH. CpaBHMBAETCHA 3TO
SIBNEHHWE C IKCMEPUMEHTAJIBHbIMM AAHHBIMKH M DPe3yjbTaTaMHU KBaHTOBOM Teopuu. Kak gonxHo Obino
OXUATb, CRIOLIHAR CPEAa He MPOSABNACT BpallueHus dapanes.



